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The hybrid models that use both first principles knowledge and machine learning: the first represents 
what is known about a process, while the second represents what is not. This review is based on the 
four domains of chemical process intensification (PI): structure, energy, synergy and time and 
discusses hybrid modelling for PI. Data demand, interpretability, extrapolation and training cost are 
used to define and compare serial, parallel and physics-constrained architectures. Soft sensing and 
control, CO2 capture and power to X, design of intensified equipment and integrated reaction-
separation units are considered in the applications. The four reaction-engineering case studies are 
then revisited using their original sources: methanol synthesis, coupled syngas and methanol 
synthesis and water–gas shift network, catalyzed polymerization, and oxidation of iso-octanol. The 
hybrid methanol model with the optimally designed experiments was found to have a test error of 
8.49%, which is just slightly higher than the 9.06% of the recalibrated mechanistic model, and the 
mechanistic model with the experiments deleted had a test error of 13.20%. A thermodynamically 
consistent power-law backbone was found to have a lower test error (6.7%) than a Langmuir–
Hinshelwood backbone (9.5%). The errors in polymerization predictions were decreased by 84%, 
86% for the two dominant reagents for the two main cases, and for the surrogate-based hybrids the 
errors were reduced by more than 400 times when compared with simulation-based optimization and 
were run approximately 45 times faster than CFD. The key open challenges are the lack of data, 
particularly scarce and unbenchmarked data, coupled models trained together, guaranteed physical 
consistency, multiscale coupling, and uncertainty quantification. Type of synergy units have been the 
least researched. Priorities for future work include hybrid DT, closed-loop experimental design, and 
multiscale modelling. 

© 2026 Centre for Research and Innovation (CRI). This is an open access article 
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/). 

I. INTRODUCTION

The goal of process intensification (PI) is to find chemical 
processes that are significantly smaller, cleaner and more 
energy efficient than conventional plants [1]. Van Gerven and 
Stankiewicz defined PI in the following four aspects: 
structure (spatial), energy (thermodynamic), synergy 
(functional), and time (temporal) [2]. Reactive distillation, 
membrane reactors, microreactors, rotating packed beds, and 
hybrid separations are examples of technologies based on 
these concepts, and process systems engineering tools for the 
design of these technologies have been comprehensively 
discussed [3]. The incentive is large. Distillation is a 
thermally driven separation that consumes 10–15% of the 
world's energy [4] and, in fact, more than 150 industrial 
distillation units with capacities from 100 to 3000 kt/y have 

been built for reactive distillation alone [5]. The integration 
that results in these benefits complicates the modelling of 
intensified units - as the reaction, transport and separation 
processes are integrated in one unit [6]. 

Throughout chemical engineering, models are used to design 
processes, optimize the operation of the process, and control 
the quality of the product. The construction of mechanistic 
models is derived from conservation laws, thermodynamics 
and rate expressions. Their terms are physical, but they are 
based on simplifying assumptions and have uncertain 
parameters [7]. For example, in catalytic reactors, the state of 
the active sites and its slow deactivation are still under debate 
even for a well-established process like the methanol 
synthesis over Cu/ZnO/Al2O3 [8,9] and errors in these sub-
models compound over long prediction horizons. Data-
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driven models are models that automatically learn the input–
output relation from measurements. These are strong 
nonlinear and require large and informative datasets, violate 
mass and energy balances, and are hard to interpret [10, 11]. 
However, data of chemical engineering plants are generally 
limited and noisy, and deep learning is a technique that works 
well in the presence of much data. Chemical engineering data 
are often very limited in quantity and noisy, and deep learning 
is a technique that works well with a lot of data [12]. 

There is a mixture of both, which is known as hybrid 
modelling or gray box / semi-parametric modelling [7], [13]. 
A mechanistic part describes the known physics, while the 
data-driven part learns the unknown or too expensive to 
model parts [11]. The idea originated in the early nineties 
with the implementation of neural networks in process 
models [14] and [15]. Only recently, however, has the use of 
wider spreads become practical, due to the advent of better 
learning algorithms, cheaper computation and plant-wide 
data historians [16, 17]. Even though the data size and 
accuracy of the well-built hybrid model can be significantly 
less than that of the purely data driven model, as shown in 
Section IV, the magnitude of the benefit can vary widely 
when using this model [11], [18]. This method is not 
restricted to reaction engineering. For instance, in drilling 
engineering, physics-based hydraulic simulation has been 
adopted together with the response surface methodology to 
model the ECD of an extended-reach well [19]. 

Hybrid models are a logical place to apply intensified 
processes. The phenomena they exhibit are coupled and 
cannot be described by a simple mechanism; experimental 
data on the new equipment is too sparse to be used for a 
black-box model. There are general reviews of hybrid 
modeling [7, 13, 16, 20, 21] and a step-by-step 
implementation tutorial [11] as well as a review focused on 
PI [6]. The following is a third review of the present 
document. It is a structure that groups applications into the 
four PI domains. It is a re-examination of four case studies of 
reactions, using their main sources, and side by side 
comparisons of the quantitative results. And it relates the 
open methodological problems to the specific needs of 
intensified processes. Definitions, history and architectures 
are explored in Section II. Section III summarizes 
applications in the four domains, Section IV outlines case 
studies, Section V discusses unsolved challenges and Section 
VI suggests directions for the future. Section VII concludes. 

II. FUNDAMENTALS OF HYBRID MODELING

A. Definitions and Terminology

Mechanistic (or white box) models are deductive models that 
can be generated from fundamental laws, where each term in 

the model can be related to a physical cause. Data-driven, or 
black-box, models are constructed from observations and 
their predictions are as valid as the data they are fed with. 
Between the two are hybrid also known as gray-box models 
[7] and [13]. The predictions are close to physically plausible
values in the mechanistic part, and more flexible, albeit a bit
opaque, in the learned part, especially beyond the training
domain. There are several terms that overlap. In hybrid semi-
parametric modeling, both parametric (mechanistic) and
nonparametric (learned) components are emphasized [7].
Typically, physics-informed machine learning requires that
the governing equations are included in the training objective
or the network architecture [22, 23]. The term physics-
constrained machine learning is more general and applies to
any technique that imposes any physical constraint, either
softly as a penalty term, or exactly by enforcing the model
structure [12]. The same family of methods have been applied 
with science-guided machine learning [20] and universal
differential equations have embedded neural networks within
differential equation models and trained them via the
numerical solution [24]. All these are referred to as hybrid
modeling in this review.

B. Historical Development

The mass balances in a fed-batch bioreactor were coupled 
with a neural network in order to estimate unmeasured 
process parameters by Psychosis and Ungar. They fed their 
hybrid interpolated and extrapolated more accurately than a 
black-box network and required fewer training examples 
[14]. Thompson and Kramer then introduced a methodology 
for using approximate first-principles models and known 
constraints within neural network models of chemical 
processes [15] and Oliveira extended the concepts into a 
methodology for integrating first principles with artificial 
neural networks [25]. Brendel and Marquardt discussed the 
design of experiments for the identification of hybrid reaction 
models from transient data [26].  

However, for approximately 20 years, hybrid modelling was 
a niche area, and many applications were found in bioprocess 
engineering [7]. There has been very fast growth during the 
past decade [13] and [16]. It was a confluence of three things. 
Large plant datasets were provided by Distributed Control 
Systems and Data Historians. New tools were provided by 
both deep learning [22] and physics-informed neural 
networks [24]. Also, the increasing complexity of processes, 
such as intensified processes and multiscale processes, led to 
the need for models which none of the paradigms alone could 
provide [6], [17]. The most important contributions are 
summarized in Figure 1. Recent reviews and tutorials [6, 11, 
13] and open-source tools like HybridML [27] have made it
more accessible.
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Fig.1 Selected Milestones in Hybrid Modeling for Chemical Engineering and Process Intensification, Compiled from the Primary Sources [2], [3], [6], [7], 

[13]–[16], [18], [22], [24]–[27] 
 
C. Architectural Categories 
 
Typically, the hybrid models are divided depending on their 
combination of two parts [11, 13, 20]. The four structures 

shown in Figure 2 are discussed below, where u are the 
inputs, x the states, θ the parameters of the mechanism, w the 
weights of the network, and y the outputs. 

 

 
Fig.2 Hybrid model architectures. (a) Serial structure in which the mechanistic output feeds a data-driven model, see (1). (b) Nested serial structure in which 
a data-driven model supplies rates or parameters to the mechanistic balances, see (2). (c) Parallel residual structure, see (3). (d) Physics-constrained learning, 

in which physics residuals enter the training loss, see (4). 
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1. Serial Architectures: One component supplies energy to 
the next one, also known as a serial structure. In the 
mechanistic model first case (Figure. 2a), the output of the 
model is used as another input, or feature, to a data-driven 
model that corrects or extends the mechanistic model: comes 
an input, or feature, for a data-driven model that corrects or 
extends it: 

         
 ŷ = g(yM, u; w),    yM = fM(u; θ) (1) 

 
It is more frequently seen in reaction engineering in the 
reverse order (Figure 2b). Here the network provides 
quantities that are required by the mechanistic model but are 
not well predicted by it, such as rate constants, reaction rates, 
transport coefficients etc., and the balances are then 
integrated: 
 

         dx/dt = f(x, u, r),     r = g(x, u; w) (2) 
 
Mass conservation is satisfied by construction since the 
balances in f are maintained. This nested form dates to the 
first hybrid bioreactor models [14] and it is still the most 
popular one, when the physics is believed to be certain but 
one sub-model is not. For example, Kaps et al. replaced only 
the functions that correlate the catalyst oxidation state with 
each of the reaction rates in a methanol synthesis model [18] 
and Sorourifar et al. applied physics-enhanced neural 
ordinary differential equations (PODEs) to industrial reaction 
systems [28]. The gradients are required through the 
numerical solution of (2) which is more challenging than the 
fitting of a static correction (Section V-B). 
 
2. Parallel Architectures: In a parallel structure the two 
components run side by side and their outputs are combined, 
usually by addition (Figure 2c): 
 

                          ŷ = yM(u; θ) + δ(u; w) (3) 
 

This form of network is trained with the difference between 
plant data and mechanistic prediction and is therefore 
referred to as a residual or delta model. It is appropriate for 
those situations in which the dominant behavior is accounted 
for by the mechanistic model, but the modj el contains 
systematic errors. A subspace identification approach for 
modelling this residual was employed by Ghosh et al. for a 
continuous stirred tank reactor [29] and a residual hybrid was 
used by Sharma and Liu for the prediction of melt-index in 
an industrial polyethylene process [20]. It is easy to build 
parallel models since the two parts can be recognised 
separately. The additive correction is not constrained by the 
balance equations, however, and can predict deviations from 
the balance equations outside of the training range. 
 
3. Physics-Constrained Architectures: Physics-constrained 
models embed physical laws in the learning problem itself 
(Figure 2d). In physics-informed neural networks (PINNs), 
residuals of the governing equations, evaluated at collocation 
points, are added to the data misfit [22]. 

 
L(w) = Ldata(w) + λ Lphys(w) (4) 

 
where the physics term is weighted by λ. The architecture can 
also be imposed, for instance by a learned soft plus output 
layer which enforces positive learned rate factors [18] or by 
simulated data augmentation [23]. Hard constraints of the 
form (4) ensure exact conservation but come at the cost of a 
more complicated training problem [12]. PINNs are 
appealing when information in the dataset is limited. Under 
data-scarce conditions, Nasiruddin et al. employed one PINN 
in forward and inverse modeling to predict concentration 
profiles in a flow reactor and estimate the rate constants, 
respectively, with errors below 2% [30]. Velioglu et al. 
demonstrated the ability of PINNs to enable dynamic process 
operation in the cases of limited physical knowledge and data 
[31] and Wu et al. summarized physics-informed learning for 
multiphysics problems in the field of chemical engineering 
[32].  

 
TABLE I QUALITATIVE COMPARISON OF HYBRID MODEL ARCHITECTURES 

Architecture How physics enters Data 
demand 

Interpretability / 
extrapolation Training cost Typical use and 

examples 

Serial: mechanistic 
→ data-driven 

Mechanistic output is 
an input to a network 
that corrects or extends 
it 

Medium 
Medium / moderate; the 
correction is not bound 
by the balances 

Low 
Correcting a trusted 
but biased model 
output [11] 

Serial (nested): data-
driven → 
mechanistic 

Network supplies rates, 
parameters, or closures 
inside the balance 
equations 

Low to 
medium 

High / good; balances 
hold by construction 

Medium to high 
(training through 
ODE/DAE 
solvers) 

Uncertain kinetics 
and catalyst 
dynamics [14], [18], 
[33] 

Parallel (residual) 
Network adds a 
correction δ to the 
mechanistic prediction 

Medium 
to high 

Medium / limited outside 
the training range 

Low (parts 
identified 
separately) 

Systematic plant–
model mismatch 
[20], [29] 

Physics-constrained 
(PINN, hard-
constrained 
networks) 

Equation residuals in 
the loss (soft) or in the 
architecture (hard) 

Low 
(labeled 
data) 

Medium to high / good 
within the validity of the 
embedded physics 

High (many 
collocation points) 

Scarce data, inverse 
problems, safety-
critical use [12], 
[22], [30] 
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4. Comparison of Architectures: A comparison of the four
structures is given in Table I. The ratings are merely
tendencies that are based on the studies cited and are not
rules; the actual performance depends on the amount of the
system that the mechanistic part explains, and on the quality
of the data [11, 13]. Generally, serial models require less data
than parallel models since the mechanistic part determines
the dominant structure. Physics-constrained models learn
from few labeled data, as the physics residual regularizes
training, but are more expensive to train because the physics
residual has to be evaluated at many collocation points [12,
22]. The choice should be based on the modeling question: in
a modeling question, should it be: if there is a known sub-
model, but it is still uncertain, then it should be a nested serial
model; if there is an existing mechanical model, but it is still
biased, then it should be a parallel model; if there is little data
and physical consistency is important, then it should be a
physics-constrained model.

III. HYBRID MODELING ACROSS THE FOUR
DOMAINS OF PROCESS INTENSIFICATION

Figure 3 maps representative applications onto the four 
domains defined by Van Gerven and Stankiewicz [2]. The 
evidence base is uneven: it is broad for time- and energy-
related applications and thin for synergy. 

A. Time

The time domain relates to the time scales of processes, such 
as, faster dynamics, shorter batch and residence times, and 
better utilization of operating time [2]. Hybrid models can 
make a significant contribution in the area of soft sensors, 
model predictive control (MPC) and real-time optimization 
(RTO). Soft sensors are able to estimate variables that cannot 
be measured online, like product quality, from variables that 
are measured online, regularly and can be built using data 
from the plant. Data-driven soft sensors are widely used in 
industry because they can be developed from the data, which 
are routinely recorded from the plant [34]. However, 
conventional soft sensors are prone to failure in batch 
processes when having to deal with nonlinearity and changes 
between and within batches [35]. When surveying industrial 
applications, both limited interpretability and limited 
efficiency were found to be common pitfalls of data-driven 
approaches, and a unifying approach was suggested to be 
"hybrid modeling" incorporating domain knowledge [36]. 
The model should be correct over the operating range, and 
efficiently executable to support multiple optimizations runs. 
In this setting, Wu et al. developed an ML model of the 
process for MPC [37] and hybrid models that maintained the 
balances and learned the uncertain rates were suitable [11]. 

Fig.3 The Four Domains of Process Intensification Defined by Van Gerven and Stankiewicz [2], with Representative Hybrid Modeling Applications 
Reviewed in Section III 

A present example is power-to-methanol reactors, which are 
used to follow a varying renewable hydrogen supply. Keßler 
et al. have developed a controller for a multistage power-to-
methanol reactor with two degrees of freedom [38] which is 
discussed at length in Section IV-A in the context of the 
hybrid kinetic model [18] required to operate this type of 
reactor. The same applies to equipment degradation—there 
may be a mechanistic model of, say, heat exchanger fouling, 
and a learned estimate of the fouling rate based on the 
periodic measurements to assist with the maintenance 
planning. 

B. Energy

The energy domain is related to the energy supplied to and 
utilized in a process [2]. The largest target is the separations, 
which represent 10–15% of world energy consumption, 
mainly thermally driven separations. Numerous 
thermodynamic models fail to be precise for strong non-ideal 
mixtures, and here, hybrid models come in handy. Capture of 
CO2 by absorption is a key case. Since 1930 CO2 separation 
from natural gas and hydrogen has been achieved using 
amine scrubbing. The minimum energy requirement for 
separation and compression of CO2 to 150 bar for coal flue 
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gas is 0.11 MWh/t of CO2, and further process and solvent 
optimization is anticipated to reduce actual consumption to 
approximately 0.2 MWh/t of CO2 [39]. Solvent screening 
relies on solubility models that can be enhanced with the use 
of hybrid methods. Di Caprio et al. studied a fully data-driven 
model against a physics-informed hybrid model that splits the 
absorption from the physics part and a physics part with 
Henry's law. The hybrid separated well the absorbent 
mixtures and remained accurate even with those that were not 
well represented in the data set [40]. The same group 
developed a hybrid model of a batch separation process and 
compared the serial and parallel training methods [41]. Power 
to X processes use renewable electricity for production of 
fuels and chemicals. The synthesis reactor works in dynamic 
mode in case of intermittent hydrogen supply where 
methanol from CO2, CO, and green hydrogen is a leading 
route. These are among the least certain aspects of the 
kinetics and the commercial {Cu} / {ZnO} / {Al}_{2} 
\{O}_{3} catalyst is known to undergo reversible oxidation 
[8]. The learning of this part by transient data will be explored 
in hybrid models (Section IV-A). Process-level surrogates 
can also be used to support energy-oriented design. Zhou et 
al. created a database using an Aspen Plus model, trained its 
deep learning surrogates and applied them to multi-objective 
optimization for the oxidation of iso-octanol to iso-octanal. 
The surrogate-based optimization was more than 400 times 
faster than the simulation-based optimization and the 
optimized conditions reduced both primary energy demand 
and greenhouse gas emissions [43]. 
 
C. Structure 
 
The structure domain is related to geometric shapes and the 
spatial arrangement of equipment such as structured catalysts 
and microchannels or rotating packed beds [2]. These types 
of devices are typically designed using computational fluid 
dynamics (CFD), which is too slow to use for a large design 
space exploration or for on-line use. Hybrid surrogates fill 
this gap by being trained using CFD data. In Zhou et al., CFD 
simulations were used as high-fidelity training data for deep 
learning models in an iso-octanol oxidation reactor. The 
hybrid predicted isooctane conversion is approximately 360 
times that of instrumental analysis and its prediction of the 
concentration distribution of the predicted product, sodium is 
octanoate, is approximately 45 times more than CFD [44]. 
 
 In a series hybrid, Nasruddin et al. integrated the SPH and 
genetic algorithm tuning and obtained the R2 value up to 0.91 
for a flow reactor to resolve the behavior of spatial mixing 
[30]. In a similar vein, Boy et al. explored the potential for 
supporting the intensification of equipment structures using 
artificial intelligence [45]. Rotating packed beds increase 
interphase mass transfer and now, complex reactor internals 
with additive manufacturing. Their hydrodynamics are both 
difficult to describe mechanistically, a clear sign that they are 
good candidates to be CFD-trained hybrids. In all cases the 
limitation is the same: a surrogate can only be relied upon 
within its training domain in which its predictions are 

accurate, and predictions for new geometries require 
uncertainty estimates (Section V-E).  
 
D. Synergy 
 
The synergy domain is the domain when two or more 
functions are combined in a single unit; for instance, reaction 
and separation [2]. The most common example is Reactive 
Distillation, there are over 150 industrial units in operation, 
which were scaled up from pilot plants by either simply 
replicating the conditions, or by modelling [5]. This also 
applies to membrane reactors, where a product is removed to 
influence the direction of an equilibrium-limited reaction, 
and hybrid separation processes, like 
distillation/pervaporation [3]. These units cannot be modeled 
easily because a combination of kinetics, phase equilibrium 
and mass transfer occur in the same apparatus. A hybrid 
model would retain the description of the well-known parts 
of the model (e.g., phase equilibrium) and parameterize the 
coupled and poorly known parts (e.g., effective interfacial 
mass transfer, catalyst activity under reactive conditions). 
Synergy is the least advanced field in practice. The few 
studies found that validated hybrid models on integrated 
reaction–separation units exist, and there is no consensus 
regarding which part of the model needs to be mechanistic 
versus data-driven when phenomena are closely coupled. 
This is the most obvious methodological shift point of hybrid 
modeling and PI.  

 
IV. CASE STUDIES IN REACTION ENGINEERING 

 
Four case studies show how the architectures of Section II 
behave on reaction systems relevant to PI. Each was checked 
against its primary source. Table II and Figure 4 compare the 
quantitative outcomes. 
 
A. Methanol Synthesis Under Dynamic Catalyst States 
 
This involves the synthesis of methanol under dynamic 
catalyst states. This includes methanol synthesis under 
dynamic catalyst states. Flexible power-to-methanol 
operation requires changing reversible catalyst state [8] and 
[18]. Based on a kinetic model for CO hydrogenation and the 
reverse water–gas shift reaction, which incorporates a state 
variable for the degree of catalyst reduction [18, 42] Kaps et 
al. set up their model. The experiments were conducted in a 
Berty reactor, which was equipped with a commercial 
CuO/ZnO/Al2O3 catalyst (4.3 g) up to 260 °C and 60 bar 
with an online micro-gas chromatography every ~90 s. The 
authors first calibrated the mechanistic model with optimal 
experimental design (OED), which was used for conducting 
four informative experiments. They then substituted the 
heuristic functions that correlate the state of the catalyst with 
each of the reaction rates with a feed-forward neural network. 
Only these scaling factors were learned, with the mass 
balances remaining intact; it is a nested serial hybrid (Figure  
2b) in terms of Section II. A total of 90 candidate networks 
were screened; the two selected had 88 trainable parameters; 
and an additional experiment was designed specifically for 
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the hybrid network [18]. The data set consisted of 44 
experiments with a ratio of training and testing of 80/20. The 
mean absolute percentage error (MAPE) for the test-set 
averaged over species was 9.06% for the mechanistic model 
and 8.49% for the hybrid model, respectively, when 
optimally designed experiments were considered. Without 
them, the errors rose to 13.20% and 11.30% (Figure 4a). For 
methanol alone, the mechanistic test MAPE increased from 
12.7% to 32.9% when those experiments were left out [18].  
 
Two lessons follow. The informative data was more 
important than the class of the model, and the hybrid model 
was found to be beneficial for the testing of this mechanism: 
the learned network was able to mostly reproduce the existing 
heuristics for CO2 hydrogenation and for the reverse water–
gas shift. The authors conclude that the slight increment in 
accuracy is due to the fact that they only learned a small sub-
model with the mechanistic parameters held fixed, and one 
of the two networks tested was found to be numerically 
unstable during training [18]. The choice of the mechanistic 
backbone covers the two reactions in which syngas 
undergoes an indirect reaction  
 

B. Syngas Methanol and Water–Gas Shift: Choice of 
Mechanistic Backbone 
 
Kay et al. studied the effect of the mechanistic backbone on 
a hybrid kinetic model [33] and [46]. The case of methanol 
synthesis from syngas and reverse water–gas shift over 
Cu/ZnO/Al2O3 in fixed-bed integral microreactors was 
studied, using the data reported by Wilkinson et al. [47]. The 
data consisted of 38 experiments with five species measured 
at four locations down the reactor, and at CO:CO2 feed ratios 
of 3:3 to 3:0.3, reactor pressures of 15-35 bar and 
temperatures of 453-493 K [46]. Two hybrids were 
constructed: one Langmuir–Hinshelwood backbone and one 
power-law backbone with the modification to ensure 
thermodynamic equilibrium. The first step in parameter 
estimation was to divide the kinetic parameters into two 
groups: condition-invariant and condition-dependent. The 
operating conditions were then used in a neural network 
which was tuned using Bayesian optimization to predict the 
condition-dependent parameters, with uncertainty bands 
obtained through bootstrapping [46].  
 
The Langmuir–Hinshelwood hybrid provided training and 
test errors of 3.6% and 9.5% and an average relative 
percentage uncertainty of 17% for 16 training and 22 test 
experiments. The power-law hybrid gave 3.7% and 6.7%, 
with an uncertainty of 13.0% (Figure 4b) [46]. In addition to 
that, the power-law version was more physical. Its learned 
rate constants obeyed the Arrhenius law without being 
imposed on, while the apparent rate constants of the 
Langmuir–Hinshelwood version did not and did not obey the 
equilibrium relation. Since the excess of hydrogen, the 
Langmuir–Hinshelwood model simplified to a power-law 
form to help explain the result [46]. A simpler backbone 
which honors thermodynamics can then outperform a more 
detailed, but less identifiable, backbone.  

C. Catalyzed Polymerization Reactors 
 
The first-principles models are inaccurate in capturing the 
strong nonlinear behaviour of polymerization reactors. In the 
early work, the gel effect of batch methyl methacrylate 
polymerization was modeled using stacked recurrent neural 
networks along with a simplified mechanistic model to 
control the polymerization process optimally [48]. In the 
more recent literature, Sobhani et al. proposed a model based 
on a first principles reactor model, a multilayer perceptron 
(MLP) and a linear regression (LR) model for predicting the 
concentration of main reagents and side products during the 
polymerization process in a catalyzed process [49].  In cases 
where the results were far from the first principles prediction, 
the hybrid decreased the mean absolute error (MAE) for the 
two major reagents by 84% and 86% (Figure 4d) and 
maximum error of prediction for the main and side products 
was 3.5%. Predictions remained acceptable when the data 
were corrupted with noise from 20% to the reaction rates and 
5% to the temperatures, and the authors suggest that the 
method was facilitated to be transferred from one reactor to 
another with the help of a simple mechanistic part [49]. The 
selection of network structure, as well as the extent to which 
the learned correction can be relied upon beyond the 
circumstances of the training, remain questions.  
 
D. Iso-Octanol Oxidation: Simulation-Trained Surrogates 
 
Experiments are slow, and the data for iso-octanol are limited 
by hydrogen safety, making selective oxidation of alcohols 
an important process for chemical production [43]. Deep 
learning models were trained with the reaction mechanism-
based CFD simulation of the oxidation reactor to produce 
training data for the models. This hybrid predicted isooctanol 
conversion was ~360 times faster than instrumental analysis 
and the concentration field of sodium isooctanoate was ~45 
times faster than CFD (Figure 4c) [44]. When conducting a 
follow-up study on oxidation to iso-octanal, the same group 
trained surrogates on an Aspen Plus database that was 
constructed using a mechanistic model of mass, heat and 
momentum transfer and reaction and used them for multi-
objective optimization which was more than 400 times faster 
than using the simulation to perform optimization [43]. The 
mechanistic model in both studies serves as a data generator, 
a typical approach when experiments cost a lot of money. The 
common problem is they're both only accurate within the 
sampled domain.  
 
E. Cross-Case Comparison 
 
The studies are summarized in Table II and in Figure 4. Three 
patterns are evident. In the cases where the mechanistic 
model was already well characterized with informative data 
(methanol), the hybrid model was not much more accurate 
and was primarily used for testing one uncertain sub-model. 
In the polymerization case, the learned correction was able to 
substantially reduce the errors where the mechanistic model 
had large structural errors. Mechanistic model accuracy did 
not seem to be advantageous, however, in cases where the 
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model was correct but slow, such as CFD and flowsheet 
simulation for iso-octanol oxidation, the primary advantage 
being speed, ranging from approximately 45 to over 400 
times faster. Only some of the studies have explicitly 

quantified the uncertainty, such as by bootstrapping [46] and 
the evidence is mainly from laboratory experiments or from 
simulation-generated data. There are still not many 
demonstrations of industrial scale intensified units. 

 
TABLE II REACTION-ENGINEERING CASE STUDIES RE-EXAMINED AGAINST THEIR PRIMARY SOURCES 

Case Study Hybrid Structure Data Basis Main Quantitative Result Main Limitation Ref. 

Methanol synthesis 
under dynamic 
catalyst states 
(Cu/ZnO/Al2O3) 

Nested serial: network 
replaces the catalyst-
state effect on rates; 

balances kept 

44 transient 
experiments, Berty 
reactor, ≤260 °C, 
≤60 bar; 80/20 

split 

Test MAPE 8.49% (hybrid, 
OED) vs. 9.06% 

(mechanistic, OED); 
13.20% for mechanistic 

without OED 

Small gain over the 
recalibrated model; one 

candidate network 
unstable in training 

[18] 

Syngas methanol 
with reverse 
water–gas shift 

Serial: ANN predicts 
condition-dependent 

kinetic parameters; LH 
or power-law backbone; 

bootstrapping 

38 experiments, 
453–493 K, 15–35 
bar; 16 training / 

22 test 

Test error 6.7% (power law) 
vs. 9.5% (LH); mean 

relative uncertainty 13.0% 
vs. 17% 

Microreactor data only; 
LH constants 

physically inconsistent 

[33], 
[46] 

Catalyzed 
polymerization 

First-principles model 
combined with MLP 
and linear regression 

Reactor 
experiments, 

including strongly 
deviating runs 

MAE for the two main 
reagents reduced by 84% 
and 86%; maximum error 

3.5% 

Network selection and 
extrapolation not 

settled 
[49] 

Iso-octanol 
oxidation reactor 

CFD results used to 
train a deep learning 

surrogate 

CFD simulations 
based on the 

reaction 
mechanism 

≈360× faster than 
instrumental analysis 

(conversion); ≈45× faster 
than CFD (concentration 

field) 

Valid only inside the 
sampled domain [44] 

Iso-octanol to iso-
octanal process 

Process model 
generates data for deep 
learning surrogates used 

in multi-objective 
optimization 

Aspen Plus-
generated database 

>400× faster than 
simulation-based 

optimization; lower primary 
energy demand and GHG 

emissions 

Accuracy bounded by 
the process model [43] 

Flow-reactor 
digital twin 

Parallel (PINN) and 
series (SPH + GA) 
hybrids compared 

Empirical plug-
flow reactor data 

PINN errors below 2% 
under data scarcity; series 

model R2 up to 0.91 

Complementary 
strengths; neither 

dominates 
[30] 

 

 
Fig.4 Quantitative outcomes of the reaction-engineering case studies, re-plotted from the primary sources. (a) Test-set MAPE averaged over species for 
methanol synthesis models trained with and without optimally designed experiments (OED); “initial” is the best hybrid architecture before the hybrid-

specific design [18]. (b) Training error, test error, and average relative percentage uncertainty for hybrid models with Langmuir–Hinshelwood and power-law 
backbones [46]. (c) Speed-up of iso-octanol oxidation hybrids relative to instrumental analysis, CFD, and simulation-based optimization [43], [44]. (d) 
Reduction in MAE for the two main reagents in catalyzed polymerization relative to the first-principles model, in experiments with strongly deviating 

outcomes [49]. 
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V. CRITICAL CHALLENGES AND RESEARCH
GAPS 

The case studies point to five recurring problems. Table III 
summarizes the evidence, the main gaps, and the directions 
suggested by the literature. 

A. Data Quality and Quantity

Some models are hybrid models, which require less data than 
black-box models, but the data is still useful. Plant data are 
frequently sparse, noisy, and clustered at a small number of 
operating points, and therefore only excite a small portion of 
the plant dynamics [10, 12]. This is illustrated by the 
methanol study: when the optimal experimental design was 
not included, the test MAPE of the mechanistic model 
increased from 9.06% to 13.20% [18].  

Conducting experiments for hybrid models is difficult 
compared to mechanistic models, since there are many 
weights in the network and these weights cannot be uniquely 
identified and the Fisher information matrix is ill-
conditioned. Kaps et al. addressed this by constructing 
experiments in a reduced parameter space based on a singular 
value decomposition (SVD) [18, 50] to earlier experimental 
design research on reaction models in a hybrid manner [26]. 
There is a greater issue of a lack of shared benchmarks. There 
were few studies that would report on the amount of data 
required to obtain a certain level of accuracy, making 
comparison difficult.  

B. Training and Validation

Training coupled models is more difficult than training either 
of the individual models. The gradients should have to cross 
the numerical solution of the mechanistic equations, the two 
components should be of different order of magnitude and the 
optimization problem may have poor conditioning properties. 
Popular techniques include sequential estimation of the 
mechanistic parameters followed by their fixation and 
simultaneous estimation of all the parameters with 
regularization [13, 18].  

Incorporating deeper networks in the hybrid bioreactor 
models have led to enhanced predictive capabilities [51], and 
a hybrid model has been more effective than an established 
kinetic model in the batch fermentation bioreactor [52] but 
stable training is not guaranteed. Even when using adaptive 
DAE solvers using L1 regularization, Kaps et al. found that 
one of the two candidate networks became unstable on 
training [18] and propose several remedies. Validation must 
also be carefully prepared. Standard cross-validation is 
performed with independent samples, which is not true for 
time series data in dynamic processes, and it does not provide 
any indication of extrapolation. This means that data should 
be segmented by experiment/campaign, as done in the 
stratified experiment-wise split in Kaps et al. [18] and test 
sets should contain deliberately out-of-range conditions. 

C. Physical Consistency

If it is used in a safety critical application, the hybrid model 
should be based on conservation laws and physical limits. 
Unlike classical PINNs, it is possible for a trained model to 
violate mass balance or have negative concentrations, 
because only violations are penalized by soft constraints. 
There are hard constraints that require exact satisfaction: they 
include structures which enforce mass conservation at 
construction time, e.g., the nested hybrids that learn only rate 
factors inside the balances [18]; output transformations that 
maintain quantities positive; hard constrained network 
formulations [12]. Thermodynamic consistency is also 
important. Kay et al. modified their power-law backbone to 
be consistent with the condition of equilibrium between the 
forward and reverse rates, and the Langmuir–Hinshelwood 
hybrid that did not satisfy this condition yielded physically 
inconsistent constants [46]. There is still a need for methods 
that ensure, not necessarily promote, consistency, better 
inequality constraint handling and tests to verify consistency 
across the entire operating domain. 

D. Scalability and Multiscale Coupling

The training cost can rapidly increase as a function of the size 
of the mechanistic model, and as a function of the number of 
learned parameters; expensive full CFD or flowsheet models 
are sometimes too costly to be embedded in a training loop. 
The challenge becomes more complex for multiscale systems 
as each scale might require a different modeling method, and 
the couplings between scales are also not known [12]. Hybrid 
approaches have been suggested in which the expensive 
material properties are learned while the process level 
properties remain mechanistic [53] for integrated material 
and process design. Another answer is by using simulators 
(Section IV-D) trained by simulation data, and another is to 
use simulators or reduced-order models (an ROM) that are 
differentiable. The methods of coupling hybrid models across 
scales and of training them over distributed computing 
systems are still in a fledgling stage of development. As for 
equipment, scale-up of intensified equipment is itself a 
known hurdle in deployment [54] and models that scale-up 
from lab to plant scale are a part of that issue.  

E. Uncertainty Quantification

There are three sources of uncertainty in a hybrid model: 
uncertainty of the mechanistic parameters, uncertainty of the 
learned component, and noise and bias in the data. It is still 
an open problem to combine them rigorously [12]. Bayesian 
neural networks, ensembles and bootstrapping, and Gaussian 
processes are the main tools. Kay et al. developed 
bootstrapped networks to generate prediction bands and 
found average relative uncertainties of 13 – 17 % on test data 
[46]. Lacking are techniques to propagate uncertainty 
through the coupled model, consensus-proven metrics to 
evaluate uncertainty estimates, and rules to apply the 
estimates in decision making, such as determining when the 
digital twin's predictions are no longer reliable.  
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TABLE III OPEN CHALLENGES, EVIDENCE FROM THE REVIEWED STUDIES, AND SUGGESTED DIRECTIONS 
Challenge Evidence from reviewed studies Main gap Suggested direction 

Data quality and 
quantity 

Excluding optimally designed 
experiments raised the mechanistic test 
MAPE from 9.06% to 13.20% [18] 

No benchmarks for data 
efficiency; OED for many 
network weights is ill-conditioned 

Report data requirements; 
reduced-space OED [50]; shared 
benchmark datasets 

Training and 
validation 

One of two candidate hybrid networks 
became unstable when trained through a 
DAE solver [18] 

Stable joint training; validation 
that detects extrapolation 

Sequential then joint training; 
multiple shooting or collocation; 
experiment-wise data splits 

Physical 
consistency 

A Langmuir–Hinshelwood hybrid 
produced rate constants inconsistent with 
equilibrium [46] 

Guaranteed rather than penalized 
constraints; inequality constraints 

Hard-constrained architectures; 
nested structures that keep the 
balances [12] 

Scalability and 
multiscale coupling 

Surrogates replace CFD and flowsheet 
models only within sampled domains 
[43], [44] 

Coupling hybrids across scales; 
cost of embedding large 
simulators 

Multiscale hybrid frameworks 
[53]; differentiable and reduced-
order simulators 

Uncertainty 
quantification 

Bootstrapped hybrids gave mean relative 
uncertainties of 13–17% [46] 

Combining parametric, structural, 
and data uncertainty; agreed 
metrics 

Bayesian and ensemble methods 
linked to decisions in digital 
twins 

VI. FUTURE OUTLOOK

A. Hybrid Digital Twins

A digital twin is a virtual version of a physical asset that is 
continually updated with data from the plant to monitor, 
optimize and make decisions. Digital twins are well suited to 
hybrid models, as the mechanistic portion of the model is 
interpretable and can offer the ability to extrapolate, and the 
learned portion is able to adjust to drift [17]. For a twin flow 
reactor, Nasruddin et al. have compared parallel and series 
hybrid. The two models were complementary: The parallel, 
PINN-based model had high accuracy with low computation 
cost, and the particle-based model is suitable to solve spatial 
dynamics and to characterize the system [30]. Practical 
barriers remain. There is the need for efficient learning 
algorithms for online updating of hybrid models, integration 
with existing control systems is not trivial, and connected 
twins will pose cybersecurity and data-governance questions. 

B. Closed-Loop Experimental Design

Closed-loop experimental design: The model suggests an 
experiment; the outcome is fed back into the model and 
further experiments are suggested. Mukherjee and Zavala 
state this is one of the primary opportunities for physics 
constrained learning [12] and Ureel et al. wrote a review on 
active machine learning for chemical engineers [55]. The 
methanol study is an early example: an experiment designed 
from the trained hybrid model enhanced the predictive 
performance [18]. Cheap estimates of information gain for a 
large number of parameters in a model, algorithms that select 
experiments under safety and cost constraints, and 
integration with automated laboratories would be needed on 
wider use. Natural test beds include high-throughput catalyst 
screening platforms and continuous-flow platforms.  

C. Multiscale Modeling

Multiscale models connect molecular kinetics, such as from 
density functional theory, and reactor/plant behavior. 
Learned closures can be provided by hybrid models in the 

scales where mechanistic descriptions are weak, like 
effective transport in complex geometries, without 
compromising the balances at reactor scale [32, 53]. There is 
a need for methods to couple across scales, to propagate 
uncertainty across scales, and to solve the coupled models 
efficiently. The most convincing test would be carried out on 
actual catalytic reactors in industry, or on a polymerization 
process.  

VII. CONCLUSION

In this review, the four domains of PI were explored using 
hybrid modeling. The choice of serial, parallel and physics-
constrained architectures should be determined by the known 
information about the process and by the availability of data. 
Soft sensing, control and energy related prediction of units' 
properties have reached the most mature application stage, 
with synergy-type integrated units being the least studied. 
Four of the reaction-engineering case studies are examined 
and compared to their primary sources, resulting in a more 
tempered view than is often found in the literature. The 
hybrid model, based on an optimized methanol kinetic 
model, showed a slight improvement of the test accuracy 
(MAPE 8.49% compared to MAPE 9.06%), while the 
optimally designed experiments both with the well-calibrated 
methanol model and the optimized model showed a 
significant improvement of both types of model. A 
thermodynamically consistent power-law backbone yielded a 
better test error (6.7%) than a Langmuir–Hinshelwood 
backbone (9.5%) and yielded physically meaningful rate 
constants. These learned corrections decreased the prediction 
errors of polymerization by 84% and 86% for the main 
reagents, respectively, and training a surrogate using 
simulations resulted in a speedup of the models of 45-400 
times for the main reagents. Key challenges for further 
progress include common benchmarks for data efficiency, 
robust training of coupled models, hard physical constraints, 
multiscale coupling, and practical uncertainty quantification. 
These methods can be tested in operation in closed-loop 
experimental design and hybrid digital twins. The integrated 
reaction–separation units are of special interest since the 
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coupling of phenomena is strongest there and validated 
hybrid models are least.  
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